Abstract. Excitation and ionization processes in collisions of atomic hydrogen with antiprotons (p) are studied in the energy range of 1-500 keV. A time-dependent Schrödinger equation is solved directly by using a discrete-variable-representation technique. For the electron radial coordinate, the numerical mesh is constructed from generalized Laguerre quadrature points. The Laguerre mesh is found to be numerically efficient, and is very useful to study the problems of ionization as well as electronic excitation.
Introduction
A discrete variable representation (DVR), introduced by Light et al (1985) , is well known as a useful numerical method for calculating various kinds of molecular process. For the purpose of atomic and nuclear calculations, Baye and Heenen (1986) suggested essentially the same method, called generalized meshes. However, despite its numerous molecular applications, the DVR method has not been generally accepted in atomic physics. We can find only a small number of atomic applications, i.e. for atomic structure calculation (Godefroid et al 1989 , Vincke et al 1993 , Demeur et al 1994 , Malegat 1994 , Malegat and Vincke 1994 , Grozdanov and McCarroll 1996 , Grozdanov et al 1997 and for the R-matrix method (Layton 1993, Layton and Stade 1993) . Very recently, the present author (Sakimoto (2000b) , hereafter referred to as paper I) has employed the DVR to investigate the ionization of atomic hydrogen by antiproton (p) impact:p + H →p + p + e.
(1)
The time-dependent Schrödinger equation is solved directly by using the DVR technique. Although Wells et al (1996) also carried out the calculation by the direct solution for the reaction (1), the DVR method was not adopted in their study. Paper I shows that the direct solution using the DVR is very efficient, and suggests that the DVR method is widely applicable to the atomic Coulomb system. In thep + H system, since the ionization (1) occurs even at very low incident energies (Schultz et al 1996 , Sakimoto 2000b , the ionization channel must be properly taken into account at every energy. Hence, thep + H collision problem is certainly exotic and also challenging in atomic physics. In the direct solution of paper I, the mesh for the electron radial coordinate r has been constructed from the zero points of Chebyshev polynomials. The Chebyshev mesh was found to be very useful to study the vibrational and rotational excitation and also the dissociation in molecular collisions (Sakimoto 1999 (Sakimoto , 2000a . Since the Chebyshev polynomials are defined for a finite interval, we must assume r ∈ (0, r max ), where r max is taken large enough that the calculated transition probabilities are independent of r max . This assumption can be practically satisfied for molecular dissociation (Sakimoto 2000a ), but not surely so for ionization. This difference occurs owing to the very light mass of the electron and to the long range of Coulomb interaction. The ejected electron promptly reaches the edge r = r max beforep and p are sufficiently far away from each other, and thereby the electron wavefunction has a spurious reflection pattern. Although a choice of larger r max resolves this problem, it requires many more mesh points, and hence the numerical computation becomes impractical. In paper I, to get rid of the awkward problem, a negative imaginary (absorbing) potential (Neuhauser et al 1989) was applied near the edge. The same situation occurred also in the direct solution of Wells et al (1996) . In the presence of the imaginary potential, the unitarity of the wavefunction cannot be satisfied. The breakdown of the unitarity causes another problem for the calculation of low-energy collisions in which protonium (pp) formation becomes conspicuous (Sakimoto 2000b) . It would be very useful if we could make a direct solution calculation without applying an imaginary potential. Moreover, it is not certain that the Chebyshev polynomials are the most suitable for the ionization problem. We must remember that any type of orthogonal polynomial is available in the DVR.
In this paper, the calculation by the direct solution of the time-dependent Schrödinger equation is carried out again for the ionization reaction (1) in the laboratory incident energy range E = 1-500 keV. Here, we use a mesh constructed from the zero points of generalized Laguerre polynomials instead of Chebyshev ones. Since the argument of generalized Laguerre polynomials covers an infinite interval (0, ∞), we have no edge problem as in the Chebyshev mesh. Therefore, we can carry out the calculation without introducing any imaginary potentials when we use the Laguerre mesh. The Laguerre mesh has already been used in atomic physics to study two-electron atoms (Godefroid et al 1989, Malegat and Vincke 1994) and hydrogen atoms in magnetic fields (Vincke et al 1993 , Demeur et al 1994 , Grozdanov and McCarroll 1996 , Grozdanov et al 1997 . However, the applicability of the Laguerre mesh to the ionization problem has not yet been well confirmed. (Although Grozdanov and McCarroll (1996) studied the photoionization of hydrogen atoms in magnetic fields by using the Laguerre mesh, an imaginary potential was applied in their calculation.) This paper employs no imaginary potentials, and tests the suitability of the Laguerre mesh for the ionization (and also for the electronic excitation).
Theory and numerical method
The details of the theory have been given in paper I. Here, we only show the outline. We define the position vector betweenp and H by R and the vector between e and p by r, and the reduced masses ofp + H and e + p by µ and m, respectively. Let us consider the following time-dependent Schrödinger equation:
where the assignment of the wavefunction LM(p) (R, r, t) is given by the total angular momentum quantum number L, its magnetic component in the space-fixed (SF) frame M and the parity of the total system p (= ±). The Hamiltonian H 0 is defined by
whereL andl are the total and electron angular momentum vectors (operators), respectively, and V represents all the Coulomb interactions. In this study, we do not introduce any negative imaginary potentials. The radial coordinate R = |R| is regarded as a classical variable, but the other degrees of freedom (R, r) are described quantum mechanically. The time dependence R(t) is given by imposing that the expectation of the Hamiltonian of the total system is equal to the total energy (Sakimoto 1999 (Sakimoto , 2000a . The wavefunction LM(p) can be expanded as
where (ϕ 1 , ϕ 2 , ϕ 3 ) are the Euler angles representing the rotation from the SF frame to the body-fixed (BF) frame (the z-axis being along R), θ is the angle between r and R,
is the normalized Wigner rotation matrix element (Rose 1957) with definite parity and L z =l z = λh in the BF frame. We calculate the wavefunction ψ L(p)λ (r, θ, t) directly by using the DVR technique. The DVR method is to make the most of the properties of orthogonal polynomials, which are well summarized by Calogero (1981) . The numerical method is mostly the same as in paper I except that generalized Laguerre polynomials are used for the electron radial coordinate r. Here, we mention only the numerical method related to the Laguerre mesh. We introduce the DVR basic functions {u i (r); i = 1, . . . , N} for r ∈ (0, ∞):
where L 
Using the DVR basic functions (6), we expand the wavefunction
It should be noted that the expansion coefficient in (8) is explicitly given in terms of the wavefunction itself at the mesh points r = r i . With respect to the electron angular coordinate θ , Legendre and Gegenbauer polynomials are suitable in cases of λ = even and odd, respectively (Sakimoto 1999 (Sakimoto , 2000a . We can further expand equation (8) also for the θ coordinate in the same way as for r (Sakimoto 1999 (Sakimoto , 2000a . Inserting the wavefunction expanded for r and θ into the time-dependent Schrödinger equation (2), and using the orthogonalities of the DVR basic functions, we have a set of coupled linear equations with respect to the wavefunction given on the DVR mesh points (Sakimoto 2000b) . The off-diagonal matrix elements for the Laguerre mesh come from the kinetic energy part Heenen 1986, Godefroid et al 1989) T This matrix element is symmetric if α > 0. The calculation of the integral (9) is straightforward, but is tedious (cf Calogero 1981, Baye and Heenen 1986) . The value of α(>0) can be chosen freely, but may affect the number of mesh points N which is necessary to obtain the transition probabilities with acceptable accuracy. In this paper, we set α = 2, which may be suitable especially for s states of hydrogen Heenen 1986, Godefroid et al 1989) . In the case of α = 2, the explicit form of (9) is given by
Results and discussion

Convergence test of the Laguerre mesh
When we use an N -point Chebyshev mesh, the electron radial motion is restricted to 0 r r max , and we have a finite number (= N ) of bound and (discretized) continuum energy levels for hydrogen atoms (Sakimoto 2000b) . In paper I, by changing the size r max (and also N), we have been able to adjust bound and continuum channels so that the obtained ionization probabilities have sufficient accuracy in the minimum computation effort. For the Laguerre mesh, we have no adjustable parameter such as r max . Although this is rather a delightful fact, we must first confirm that the Laguerre mesh can create both the bound and continuum channels which are suitable for the calculation of the ionization. For the description of atomic bound states, the Laguerre mesh was found to be useful indeed (Godefroid et al 1989, Malegat and Vincke 1994) . In previous studies using the Laguerre mesh, however, no particular attention was directed to the description of continuum states.
In table 1, we show the number of bound levels (N b ) supported by an N -point Laguerre mesh for the Coulomb potential −1/r with the electron angular momentum quantum numbers = 0-9. In the N -point mesh, the number of levels available for the continuum motion can be regarded as N − N b . The ratio of the continuum to the bound levels is unity for the smallest number N = 10 with = 0, and the ratio increases with N . Therefore, we find that the Laguerre mesh can create any number of discretized continuum channels. Table 2 shows the energy eigenvalues and radial expectation values for the Coulomb potential calculated using an N -point Laguerre mesh. Baye and Heenen (1986) suggested the use of the generalized Laguerre polynomials with α = 2 + 2 for states having an angular momentum . In this case, the weight function becomes W (r) = r 2 +2 e −r . We find, however, that the present choice α = 2 can cover the cases of 1 as well. For the 1s ground state, the convergence with respect to an increase of N is not much faster than that for other states. This is due to the singularity of the Coulomb potential at r = 0, which affects especially the numerical Table 3 . Excitation (1s → n ) probabilities calculated by using an N -point Laguerre mesh for E = 2 keV and L = 300. The initial and final R are set at R i = 18 au and R f = 40 au, respectively. efficiency of the most compact 1s-state wavefunction (Godefroid et al 1989 , Vincke et al 1993 .
Dealing with the potential part in devised manners (Godefroid et al 1989 , Vincke et al 1993 , we can improve the convergence of the eigenvalues in the Laguerre mesh calculation. In this paper, however we do not make such efforts, which require much more computational time for collision calculations. By merely increasing N(<100) without introducing the devised methods, we can achieve an numerical accuracy which is acceptable for the present purpose.
(See also tables 3 and 4.) In the direct solution of Wells et al (1996) , a soft-core Coulomb potential was introduced to avoid the Coulomb divergence at r = 0. When we use the Laguerre (or Chebyshev) mesh, we do not need any soft-core potentials since we always have r i > 0. In previous studies (Baye and Heenen 1986 , Godefroid et al 1989 , Vincke et al 1993 , the Laguerre mesh is considered for the scaled coordinate hr, where h is some constant factor. The weight function is given by W (r) ∝ r α e −hr . Hence, the introduction of the scale factor h will be more useful for the calculation of collision processes related to highly excited states Heenen 1986, Vincke et al 1993) . In this paper, we have simply set h = 1.
We check the convergence of the transition probabilities inp + H collisions with respect to a variation of the number of Laguerre mesh points N . We show some typical results of the probabilities for the excitations 1s → n( 4) and the ionization in tables 3 and 4, respectively. We choose the laboratory incident energy E = 2 keV and the total angular momentum L = 300 Table 5 . Probabilities for the excitation to high states (1s → n) calculated by using an N-point Laguerre mesh for E = 2 keV and L = 300. The initial and final R are set at R i = 18 au and R f = 40 au, respectively. as a representative case. In these calculations, the initial (R i = 18 au) and final (R f = 40 au) values of R, the number of mesh points for the θ coordinate (N θ = 6) and the number of the λ channels included (= 0, 1) are the same as in paper I. These tables indicate that a 30-point Laguerre mesh is sufficiently accurate for the calculations of both the excitation and ionization probabilities. (The relative error is estimated to be less than a few per cent.) For the excitation to higher states, table 5 shows the probabilities summed over the degenerate final states (1s → n = 5-9). The use of the 30-point Laguerre mesh allows us to accurately calculate the probabilities for the excitation to the high states up to n = 7. (When we see the -resolved probabilities for 5 n 7, the error is mostly less than 10%.) In the studies of the direct solution with a finite size r r max (Schultz et al 1996 , Sakimoto 2000b , however, the calculation of the excitation to such high states is extremely difficult. In paper I, the size has been chosen as r max = 55 au, and this size can support only n 6 bound channels, which should be compared with the numbers indicated in table 1. Table 4 also shows the ionization probabilities of paper I, calculated using an N -point Chebyshev mesh. We can see that the use of the Laguerre mesh drastically improves the convergence. While N = 30 is sufficient for the Laguerre mesh, much larger values, N = 150-250, are needed for the Chebyshev mesh to obtain the same accuracy. This result strongly encourages the application of the Laguerre mesh to the direct solution of the ionization problem.
The usefulness of the Laguerre mesh in the ionization problem would be closely related to the success of close-coupling (CC) expansion using a basis set of the generalized Laguerre polynomials (i.e. the Sturmian functions) in the same problem (e.g. Bray and Stelbovics 1992, Igarashi et al 2000) . It was demonstrated that by extending its size, the Laguerre expansion basis described correctly the ionization channels (Yamani and Reinhardt 1975, Bray and Stelbovics 1992) . For a given type of orthogonal polynomial, an orthogonal transformation always exists between the representation in the mesh points and the representation in the expansion bases (Dickinson and Certain 1968, Light et al 1985) . In this sense, the study of Yamani and Reinhardt (1975) was suggestive of the Laguerre mesh approach in the ionization problem since they discussed the relationship between the discretization of the ionization continuum in the Laguerre basis and the Gaussian quadrature rule.
Excitation and ionization cross sections
Hall et al (1996) carried out calculations for the excitation cross sections by using a CC method based on single-centred atomic-orbital expansion. They compared their results with previous studies (Ermolaev 1987 , Ast et al 1988 available at that time. They found that the agreement was satisfactory at high energies, but was not so good at low energies, especially for the excitation to the 3s and 3d states. Very recently, Igarashi et al (2000) have performed the CC calculation using the Sturmian functions. They have obtained an overall agreement with the excitation cross sections of Hall et al (1996) . In figure 1 , the cross sections obtained in this paper are shown for the excitations 1s → 2s, 2p, 3s, 3p, 3d, and are compared with the CC results of Hall et al (1996) . The present results (and those shown hereafter) are calculated by Hall et al (1996) .
using a 30-point Laguerre mesh. To obtain an accurate excitation cross section, the initial and final values of R must be taken much larger than those chosen in the ionization calculation of paper I. In this paper, we choose R i = 50 au and R f = 150 au. Figure 1 shows that the present results agree well with the CC ones at all the energies. Nevertheless, we should mention the discrepancy at E ∼ 10 keV, especially for the excitation to the 3p state. Moreover, the 3s, 3p and 3d cross sections of Hall et al (1996) have a structure (dent or hump) at E ∼ 10 keV, while the present results show smooth curves. Nor have such noticeable structures been seen in the CC calculation of Igarashi et al (2000) . Figure 2 compares the present results with the CC ones of Hall et al (1996) for the excitation (1s → n = 2, 3) cross sections summed over the degenerate final states. In this case, the agreement between the two methods becomes fairly good. Figure 2 also shows the 1s → n = 4, 5 excitations for reference. As discussed in section 3.1, we can expect that these results have sufficient accuracy. The peak of the excitation cross section is located at E ∼ 60 keV for 1s → n = 2, and moves toward lower energy as n increases. Probably, the peak position becomes the lowest (E ∼ 15 keV) for the ionization (cf figure 3) . Figure 3 shows the cross sections for the ionization from the ground state, obtained in this paper. At energies above 1 keV, there are several theoretical calculations for the ionization reaction (1) (Martir et al 1982 , Toshima 1993 , Ermolaev 1987 , 1988 , Schultz et al 1996 , Schiwietz et al 1996 , Hall et al 1996 , Igarashi et al 2000 , Sakimoto 2000b ). Among these, the calculations using the direct solution of Schultz et al (1996) , Wells et al (1996) and Sakimoto (2000b) and using the CC expansion of Schiwietz et al (1996) , Hall et al (1996) and Igarashi et al (2000) are reliable over a wide energy range. Figure 3 also indicates the results of these calculations and the experimentally measured results of Knudsen et al (1995) . The Wells et al (1996) and paper I (Sakimoto 2000b) , obtained by the CC calculations of Hall et al (1996) , Schiwietz et al (1996) and Igarashi et al (2000) and obtained by the experimental measurement of Knudsen et al (1995) . discrepancies among the theoretical calculations shown in figure 3 are mostly less than 10%. All the calculations agree well with the experimental measurement (Knudsen et al 1995) at E 100 keV, but the agreement is poor at E 80 keV although the experimental results have large error bars at E 80 keV.
The agreement between the present and the CC ionization cross sections is excellent at E > 100 keV. The direct solution of Wells et al (1996) is always larger than the other studies. As these authors mentioned for the numerical accuracy, their consideration of only the n 3 bound channels is not sufficient, and their calculation would slightly overestimate the ionization cross section. It should be noted that the present direct calculation includes the bound channels of n 9. (See table 1.) At E 50 keV, we find some (but not large) discrepancies among the theoretical results. In particular, subtle differences are present in the energy dependence at low energies. This is not due to the numerical method applied (i.e. direct solution or CC expansion). The energy dependence of the cross sections of Hall et al (1996) , Schiwietz et al (1996) and paper I becomes very weak at E 3 keV. Paper I and Wells et al (1996) , making the calculations for E < 1 keV, have indicated that the energy dependence of the ionization cross section is flat below a certain energy E = E 0 . Paper I gives E 0 ∼ 1 keV. From the results of Hall et al (1996) and Schiwietz et al (1996) , we can estimate E 0 1 keV. On the other hand, the flat energy dependence cannot be seen at E 1 keV in the results of this paper, Wells et al (1996) or Igarashi et al (2000) . These three studies suggest E 0 < 1 keV.
We have also calculated the cross sections for the ionization from the excited states 2s and 3s. (The λ channels that are necessary for the convergence in the ionization calculations are λ = 0-2 and 0-3 for these 2s and 3s states, respectively.) The results are shown for E = 5 and 50 keV in figure 4. As expected, the ionization cross section rapidly increases with the initial principal quantum number. For the 1s ionization, the value of the cross section does not change so much at energies E < 50 keV (figures 3 and 4). However, for the higher initial states, the difference of the values for the two energies E = 5 and 50 keV becomes much more pronounced.
Summary and conclusion
We have solved directly the time-dependent Schrödinger equation forp + H in the laboratory incident energy range 1-500 keV by using the DVR technique. We have studied the electronic excitation and ionization processes inp+H. Good agreement with previous CC calculations has been obtained for both the excitation and ionization cross sections at all the energies calculated. This result guarantees the accuracy of the obtained cross sections since the present numerical method and the CC one are quite different from each other.
For the electron radial coordinate, we have introduced generalized Laguerre polynomials instead of Chebyshev polynomials adopted in paper I. The Laguerre mesh has been found to be definitely superior to the Chebyshev mesh in the following points: (1) fast convergence with respect to the number of mesh points; (2) fine description of highly excited and continuum states; (3) no need to introduce any negative imaginary potentials. Although the Chebyshev mesh is not so appropriate for the calculation of the electronic excitation, the Laguerre mesh is very useful to study not only the ionization but also the electronic excitation processes. We can expect that the Laguerre mesh is applicable generally for Coulomb collision problems.
